i.e., a triple A E R;Xn, 6 € R;,c E R; for-which mere R;, R;*" denote n-vectors and n x n matrices with all enhies nonnegative]. Our main result provides a reasonably complete answer to the realization question, in terms of propenies of the poles of H(z). We will not consider the inter- There have been a number of contributions dealing with different aspects of this problem, see, e.g., [I]-[7].We will draw particularly from [3]. We were actually motivated to examine this problem in the course of examining some realization and approximation questions in the area of hidden Markov models [HMM's], which in some ways are a generalization [8]-[111. It would appear that the concepts developed in this paper will find application also in HMM problems.
C , , , h k .~-~. When does there exist a no~egativerealization.
i.e., a triple A E R;Xn, 6 € R;,c E R; for-which mere R;, R;*" denote n-vectors and n x n matrices with all enhies nonnegative]. Our main result provides a reasonably complete answer to the realization question, in terms of propenies of the poles of H(z). We will not consider the interesting and important questions of characterizing the minimal dimension of nonnegative realizations [which in general is. of course not the same as thwnumber of poles of H ( z ) ] , nor of characterizing in a helpful way the relationship between equivalent realizations.
There have been a number of contributions dealing with different aspects of this problem, see, e.g., [I] - [7] .We will draw particularly from [3] . We were actually motivated to examine this problem in the course of examining some realization and approximation questions in the area of hidden Markov models [HMM's], which in some ways are a generalization [8]-[111. It would appear that the concepts developed in this paper will find application also in HMM problems.
Aside from the possible application and the intrinsic system theoretic interest of the no~egative realization problem, we should note that nonnegative realizations arise naturally in the modeling of linear compartmental systems, where physical consmints force nonnegatinty, [I] , [12] . Reference (31 adverts An outline of the paper is as follows. In the next section, by making comparatively minor modifications to [Z] and [3], we describe how the existence question for nonnegative realizations nansforms into a question on the existence of a polyhedral cone [ q s latter question at first glance being just as difficult]. Section Itt develops three helpful lemmas. The first is an easy restatement of the cone condition using impulse response data, the second is a trivial observation on realization of the transfer function H,(z) = H(az) for or positive real and the third is a result linking the maximum modulus of the poles of H ( z ) with the maximum modulus eigenvalue of at least one positive realization of B ( z ) , assuming positive realizations exist The main result is in Section N.
Section V contains remarks on the continuous-time nonegative realization problem, while Section VI contains concluding remarks.
Notice that if ha = 0 for all k > K. We begin with some definitions. Let X be a set of vectors in Rn. Cone ( X ) , which we shall write as X, is the set of a l l (finite) nonnegative linear combinations of X. The dual of X, written X ' , is defined by {yldy 2 OVx E X } . The dual is a closed set for any X, and X c X", with equality if and only if X is closed. The set X may have an in6nite number of elements. We say it is finitely generated or polyhedral if there exists a finite set of n-vectors P for which P = X. If In our assault on the realization problem, the first property we shall use i s that hk > 0 for all k. This is equivalent to the condition R C S. However, the tough part of the realization problem is to find an additional, easily checked, condition on H ( z ) to ensure existence (and computability) of a tinitely generated P lying between R and S, and with the F-invariance property W~thout the finitely generated requirement. with hk > 0 we could simply take R = P or P = S. In general, R and S are not finitely generated, although in some cases they may have this property, see [161. The third result connects poles of H ( z ) of maximum modulus with eigenvalues of the matnx A of a nonnegative realization, also of maumum modulus. To motivate it. We shall first make a simple calculation valid only in a resaictive s~tuation in Lemma 3.2. The general result appears in Theorem 3.3. We shall now show that either d v # 0, i.e., this eigenvdue is observed, or unobservable states can he removed without destroying the nornegativity of the realization. Suppose then that c'u = 0. Without loss of generality, reorder the enmes of the state vector so that with c, and v3 positive.
m. REFORMWONS AND
N x N Pmof: If H ( z ) = d ( z I -A)-'b where A E R+ , b E R f , c E Ry, then H,(z) = c'(zI -a-'A)-'a-'b and {a-'A, a-'b, c ) defines a nonnegative realization for H,(z).
Let
Because Au = ,in, the zeros in u force A13 = 0. ,423 = 0. But now the zero blocks in cf'and A mean that an unobservable part is displayed, and a lower dimension but still nonnegative realization is provided by Similarly, if w'A = Xw' and w'b = 0, we can immediately eliminate certain uncon!mllable blocks and still retain the nonnegativity of the realization.
Staaing with an arbitrary nonnegative realization then, we can reduce it by eliminating uncontmUable andlor unobservable blocks, and retaining the nonnegativity, until the real eigenvalue of maximum modulus is conmllable and observable, i.e.,
is a pole of H ( t ) .
There is an important consequence of this result; viz a new necessary condition on H ( z ) with nonegative impulse response for it to have a nonnegative realization.
Cornllory 3.1: Let H ( z ) be a rational transfer function with nonnegative impulse response. A necessary condition forH(z) to have a nonnegative realization is that the poles of H ( z ) of maximum moduius be a subset of those which are the allowed eigenvalues of maximum modulus of a nonnegative matrix.
As explained in for example [IS] . . , u N ) . and then Cone H, will be generated by P = ( u l , uz,. . . , u N ) Hence from (4.3). (4.5) and (4.6). we see that
Anally, all enuies of F'B, are positive for all i and so the vectors generating P all have nonnegative first entries. Since (7) has been verified, the result is established from (10) and (13).
In the above theorem. we have started from the hypothesis that H(z) has a single simple pole of maximum modulus. The theorem can be very easily extended to cope with the case of a single pole of maximm modulus with order greater than 1. Then. we shall extend to the case where H(z) has more than . VI. CONCLUSION This paper has revealed the key point that nonnegative realizability of a transfer function with nonnegative impulse response is essentially a property of the maximum modulus poles only. [We say essentdy, since at most a finite number of values of the impulse response are allowed to be zero in our main result, which is a slight additional restriction]. A key aspect of the p m f of this result was the preliminary result showing that nonnegative realizab'ity implied the existence of a nonnegative realization with maximum eigenvalue modulus of the state transition matrix equal to the maximum pole modulus of the transfer function.
The difficult question of establishing the minimal degree of a nonnegative realization is much more bound up with all the poles. In fact, given an arbitrary integer N, it is possible to define a complex pole pair inside the unit circle (and thus a 3rd order system with nonnegative impulse response and one pole at 1). such that no nonnegative realization exists of dimension smaller than N. This is because there exist points inside the unit circle that cannot be an eigenvalue of any nonnegative matrix of size M x M , M < N when the maximum eigenvalue of that matrix is fixed at 1 [ZO] .
Accordingly, we see questions of determining the minimal degne and relating minimal degree realizations as fundamentally different, and requiring more techniques than those used in this paper.
It also remains open to investigate the case of H ( z ) with The idea of the proof is to introduce matrices which transform a nonnegative realization A, 6, c so that. unconmllable and unobservable garts can be cut out, and to construct P using these matrices. We begin by cutting out the uncontrollable part. w n m l theory application la biomedicine information theor). and positive systems.
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